Geometric Mean Decomposition (BD-GMD) is a precoding scheme that is asymptotically optimal for downlink MultiUser Multiple-Input-Multiple-Output(MU-MIMO)systems. BD-GMD eliminate the interference between different user channels in MU-MIMO system under ideal condition, which leads to an improvement of the quality of users' channel and brings a promotion of system throughput. In a downlink MU-MIMO system, there are a large number of users, the base station need to select a subset of users to serve for the reason that the number of simultaneously supportable users with BD-GMD is limited by the number of transmitting and receiving antennas. In the past, we paid our attention mostly on how to maximize the total throughput. However, the fairness is ignored may lead to "starvation", which means that some subscribers are not able to get service in unacceptable long time. We introduce proportional fair scheduling schemes (PFS) into the system to guarantee the fairness, and also propose new schemes. The proposed algorithms update the adaptive parameters indicating past channel quality in each time slot. According to current and past channel information, we can make better multi-user scheduling and improve the system performance while maintaining the users' fairness.
INTRODUCTION
The interest in Multiple Input Multiple Output (MIMO) techniques for high spectral efficiencies is increasing in recent years and Multi-User MIMO (MU-MIMO) systems have drawn a lot of attention in the area of wireless communications [1] . In practical MU-MIMO systems, inter-user interference will limit the system capacity and deteriorate the spectral efficiency. It is proven that Dirty Paper Coding (DPC) can achieve the capacity region [2] . The sum capacity in a multi-user broadcast channel is defined as the maximum aggregation of all users' data rates. Although DPC can achieve the sum capacity by iterative water-filling solution, exploiting DPC in real-time systems is impractical due to complicated encoding and decoding schemes. So suboptimal linear precoding techniques [3] [4] [5] are considered, which can approach the sum capacity achieved by DPC. Block Diagonalization (BD) is a practical linear precoding technique at the Base Station (BS) for the downlink MU-MIMO channels, which decomposes the MIMO broadcast channel into several parallel non-interference single user sub channels and uses water fill algorithm to distribute transmit power among users. However, in BD system not only the base station need to know all users' channel state information (CSI) but also every subscriber needs to know all others' (CSI), or using extra training sequence to estimate the effective channel. These all will increase system cost. At the same time, because of singular value decomposition (SVD), there are many differences between users' sub channel gain, which results in a bad bit error rate.
To solve the problems with BD, we use BD combine with Geometric Mean Decomposition (GMD) and VBLAST [6] [7] . First, we use BD to decompose the MIMO broadcast channel into several parallel noninterference single user sub channels. Then GMD and VBLAST are applied to transform these single user MIMO channels into several same parallel sub channels. Because of the special calculating character of GMD every receiver can get its receiving filter by using a blind algorithm. So there is no need for extra estimating of effective channel and each user doesn't have to know others' CSI. The complexity of the receiver is reduced significantly, and it is more likely to be used in practical system in which the terminals have only limited resources such as wireless sensor network.
The number of users that can be simultaneously supported by BD is limited by the number of transmit antennas, the number of receive antennas, and the richness of the channels. In this paper, we consider the method of choosing a subset of users according to channel state information (CSI) to exploit multi-user diversity. Multiuser diversity is known as a channel diversity among multiple channels, which originates from the independence of fading statistics. When there are a large number of independent users, at any moment it is very possible that there is a user being at a stronger channel than others. If the system allows only this user to transmit at every scheduling slot, then the system will utilize the channel resources most efficiently, and maximize the system throughput. The more users the more possibility that there is a perfect channel and the more Multi-user diversity is. A brute-force complete search over all possible user sets can be used to find optimum user with the maximum total throughput. The complexity, however, is prohibitive because of the huge number of users in the system. So a low-complexity algorithm is critical to exploit the capacity gain promised by joint user and antenna selection [8] . Usually greedy algorithm is used to decline the complexity of user scheduling, but it is at the expense of considerable system performance deterioration. According to Multi-user diversity technology is a "system level" problem, and it is designed basing on all of the users, so it should comply with the following principles (1) improve system spectrum efficiency; (2) guarantee users' Quality of Service; (3) guarantee the fairness between users. Recent years many multi-user scheduling schemes were proposed, those scheduling schemes all aimed at maximizing system throughput, achieving as more system throughput as possible let the system be able to service more users or provide service for higher speed. When all the users are under fading condition with same statistic characteristics, the scheme mentioned before can not only maximize system throughput but also maximize each user's throughput. However, in the practical system there are users near the base station with higher SNR and also users far away from base station with lower SNR; there are immobile users and also mobile users; there are users in complex scatter condition and also users without scatter. In this situation the proposed scheme's performance is limited and fairness as the same important as throughput for each user is ignored. Some users such as the ones are far away from the base station may not be scheduled for a long time due to the bad channel condition. Proportional fair (PF) scheduling can guarantee system fairness to some extent but when the differences between different users' channel condition increase the fairness of system decline significantly [9] [10] . In order to overcome these above problems, a novel dynamic PF scheduling algorithm based on Block Diagonalization and Geometric Mean Decomposition is proposed for the downlink of MU-MIMO systems. A new parameter is introduced to record the state of system, the new parameter indicates past channel conditions users have been through. We utilize users' past average transfer rate and past average request rate to schedule users. The new method can provide higher system fairness. This paper is organized as follows. In Section II, we introduce the system and channel model. Section III analyzes the traditional PF scheduler algorithm and compares its some known modifications. In Section IV, we present an adaptive proportional fair scheduling scheme and discuss the reason why some of the modifications do not work well. Simulation results and numerical analysis are given in Section V, followed by concluding remarks in Section VI.
Notation: ( ) is the MIMO channel matrix from BS to user k , with each entry following an independent complex Gaussian distribution, the elements of which are zero mean and unit variance. At every time slot, the user scheduler decides the user subset that transmits data simultaneously. The transmitted symbol of user k is denoted as
which is multiplied by a precoding matrix .
where k v denotes the additive white Gaussian noise vector, whose covariance matrix is
is the identity matrix. The second item in the right-hand-side (RHS) of (1) 
Hence, the received signal for user k can be simplified to . and an upper triangular matrix
, where the diagonal elements of R are all equal to the geometric mean of the positive singular values. Let the GMD of
where k Q and k P are both unitary matrix, k R is a up triangle matrix with the same diagonal element, ii r is its diagonal element. The smallest diagonal element of k R indicates the biggest bit error rate, through choosing proper k Q and k P we can maximize the smallest diagonal element of k R [6] , and the diagonal element can be represented as:
matrix, whose elements are user k 's power allocation for each sub channel, the total system power limit is P , we can get Q on both side of (7), we get
where
To guarantee the existence of precoding matrix k T , the number of receiving antennas for all users should not be larger than the number of transmitting antennas. Without loss of generality, in this paper we assume that all users have the same number of receiving antennas, which means ,
So the max number of users the system can service simultaneously is max ceil( / )
, in which ( ) ceil x is the function get the minimum integer bigger than x . We define
is the set of all users in system,
is the set of all users are scheduled currently.
The total capacity of BD-GMD system can be represented as:
If we distribute power equally to the k N sub channel, based on (10) we can get the channel capacity
The th k user's sum transmitting rate is:
When the base station allocate power using water filling algorithm based on channel gain, lager system capacity can be achieved, however the complexity of algorithm is also increasing. We will show in the following chapter, there are little difference between equal power distribution and water filling power distribution, so in the multi-user scheduling scheme we use equal power distribution.
III. USER SELECTION ALGORITHM
A brute-force complete search over all possible user sets can be used to find optimum user with the maximum throughput. However the complexity is prohibitive because of the huge number of users in the system. In general conventional greedy algorithm, a user is chosen by maximizing the channel capacity every time. However, it did not consider the correlation of the users each other.
The basic idea of the BD_GMD algorithm is to make the current user's pre-coding matrix in the null space of all other users channel matrix, so we can add new users based on the orthogonal projection matrix of the current selected user set. The row space composed of the row vector and the column space composed of the column the row space formed by the row vector is the same vector space, so the orthogonal projection operator of the column space is
Then the orthogonal projection of the column space S . Multi-user scheduling algorithm presented in the paper is described in details as follows.
A. Multi-user Scheduling Based on Orthogonal Projection
Step 1:
Step 
Step 3: Assume that the selected user number is 1 i − , then the channel matrix for these users is 1 1
Refer to (14), the orthogonal projection operator 1 i− P for the column space for matrix
can be obtained from (13). The user i can be obtained by the following formula: 
B. Analysis of Computational Complexity
A brute-force complete search over all possible user sets with the maximum system throughput can be used in the BD-GMD Joint encoding system to find optimum user subset, which needs to calculate the systems and capacity max K K C times, and its computational complexity mainly consists of 0 K times SVD decomposition and 0 K times GMD decomposition. The computational complexity for GMD decomposition If the system has fewer total numbers of users K , the multi-user scheduling algorithm in the paper has lower computational complexity than the traditional greedy algorithm. However, when there are a great total numbers of users K and a great selected numbers of users at the same time, the traditional greedy algorithm has lower computational complexity than the algorithm in the paper. In both cases, the computational complexity of the two kinds of algorithms is much lower than the bruteforce search.
IV. PROPORTIONAL FAIR SCHEDULING SCHEME
A. Traditional PFS Scheme PFS scheme is implemented in High Date Rate (HDR) system [10] . By selecting the subscribers with the largest relative channel quality to transmit, the throughputfairness tradeoff is achieved. Relative channel quality is the instantaneous channel quality condition of the user divided by its current average throughput. In MU-MIMO systems, the feedback of the instantaneous channel quality condition is the requested data rate ( ) 
The BS updates ( ) k T t of the th k subscriber in the th t time slot using the following exponentially weighted lowpass filter:
For more general, (16) can be modified as: PFS scheme is simple and efficient to get the good tradeoff between the system throughput and the long term fairness allover all subscribers, with the assumption that all subscribers' channel conditions are homogeneous and the fading of the channel varies rapidly. But in the practical scenario, the assumption is not reasonable because of the line-of-sight (LOS) path and the very slow fading of some subscribers. In such a condition, the PFS scheme is not able to guarantee system fairness.
Recent years, several modifications of PFS scheme have been proposed. The data rate control (DRC) exponent rule [10] sets α in (18) to be high-than-one to indicate the channel condition. In the DRC exponent rule, α is same for all subscribers. The modified DRC exponent rule [11] updates α for each subscriber and the scheme is analyzed in HSDPA systems. The parameter α is updated by using the successive approximation algorithm, and the convergence rate is sensitive to the step value. In [11] , the authors propose to set β from 1 to ∞ to both exploit multi-user diversity gains and provide flexible fairness adjustment from proportional fairness to maximum fairness. In this scheme, β is fixed in time and for all subscribers.
All above algorithms only select one subscriber to transmit in each time slot, and in this paper we introduce the conventional PFS scheme to combined with the BD-GMD scheme to service multiple subscribers in multiuser MIMO system. The scheme can increase the throughput of system significantly and also guarantee the fairness between the subscribers.
B. PFS Scheme for BD-GMD Multi-user MIMO System
Here we introduce the PFS scheme to BD-GMD multiuser MIMO systems, denote as PFS BD-GMD. In the th T time slot, BS schedules subscriber according to the relative channel quality described in the former section, and then we change the scheduling criterion of multi-user selection algorithm in section III from maximizing system capacity * l S C to maximizing relative system capacity.
Relative channel quality is defined as ( ) 
V. ADAPTIVE PFS SCHEMES
The PFS scheme gets a good tradeoff between the throughput and fairness with the assumption that all subscribers' channel conditions are homogeneous and fading of the channel varies rapidly. But in the practical scenario the assumption is not reliable. For subscribers in bad channel conditions for a long period, the fairness that PFS scheme can provide is limited. To improving the performance of those subscribers in bad channel conditions, we propose two adaptive schemes to give more chance to them to be served. The proposed schemes are based on the idea of PFS scheme, but they are different from the above mentioned algorithm in the following ways.
• We use a new formula to calculate the priority number.
• The average request rate is updated in time for each individual subscriber.
• The parameter is updated according to the ratio of the instantaneous requested data rate and the mean value of the requested data rate.
• The dynamic range of α is from −∞ to ∞ .
• Our schemes are introduced to the Block Diagonalization Geometric Mean Decomposition scheme of the MU-MIMO systems to increase the performance of those subscribers in bad channel conditions for a long term. For the first adaptive scheme A, we introduce a new parameter ( ) R t to indicate each user's channel condition in the past time. We also introduce a new way to monitor the variety of the channel quality of each subscriber: R t R t increase it means the subscriber has better channel condition than the past, our adaptive schemes will give more chance to the th k subscriber to be scheduled. Contrarily, when ( ) / ( ) k k R t R t decrease it means that the subscriber' channel condition is get worse, so the chance it can obtain should be reduced. We also propose another adaptive PFS scheme B which introduces a new variable to monitor the variety of the channel quality of each subscriber: with the random weight vector ( ) t q and broadcasts to all the subscribers in the cell.
• Step 2: Each subscriber calculates the requested data rate ( ) k R t and feeds back to the BS.
• Step 3: The BS schedules the th k subscriber with the largest
T t are updated for each subscriber respectively.
VI. SIMULATION AND ANALYSIS

A. Experiment for low complexity multi-user selection algorithm
Signal noise ratio is defined as
We assumed a Quasi-static Smooth Fading channel and the base station can ideally get all users the channel state information. In this paper, system capacity of the following schedule algorithms is compared by simulations.
1) Dirty Paper Coding with water-filling algorithm (DPC) 2) Brute-force search algorithm (BD-GMD-BF) 3) Greedy algorithm based on BD-GMD (BD-GMD-GA) 4) Algorithm proposed in this paper (BD-GMD-OP)
Firstly, we compare the difference between equal power allocation (EPA) and water-filling (WF) algorithm based on BD-GMD system. Table I shows the comparison among different schemes, where total user number in the system 20 K = , the transmit antenna number in BS 4 t N = and the user receive antenna number 2 r N = .it is shown that there are little difference of capacity among the average distribution power and water-filling algorithm when the signal noise ratio is low and almost no difference when the signal noise ratio is high. Fig.1 and Fig.2 illustrate the changes of the total system rate using four kinds of the scheme with the total users, where the transmit and receive antenna number is
r N = ） , the maximum selected number of users max K is 2 and 3. Fig.a and Fig.b correspond to the signal noise ratio (SNR) of 0dB and 20dB.As can be seen from the figure, the system capacity for three kinds of multi-user selection algorithms has relatively large difference with the DPC scheme, but the computational complexity is reduced a lot. With the increase of the number or the BS transmit antennas; both the number of users sending at the same time and the system capacity of four kinds of algorithm are also enlarged. Furthermore, the total system capacity for the BD-GMD-OP algorithm in the paper is very close to the Brute-force search algorithm BD-GMD-BF for both low SNR and high SNR. The difference between then is less than 5%, which is much better than using the traditional greedy algorithm BD-GMD-GA. In addition, as BD-GMD-OP algorithm makes full use of the Linear Precoding orthogonal features to select the follow-up users, the possibility to find the optimal user set is larger than the BD-GMD-GA.
B. Experiment of adaptive PFS scheme A
Simulation results are presented in this section to demonstrate the performance of adaptive PFS multi-user scheduling schemes. We define the Signal to Noise Ratio Table II , we can see that the adaptive PFS scheme's fairness index is higher than the others', the bigger α is the higher the fairness index we can get. The quick fairness index is defined as:
x represents the average data rate of the th k subscriber over the one million channel realization. The larger ( ) F k is, the better fairness is. ( ) F k = 1 means that all subscribers are allocated the same level resource and the fairness is the best.
From fig.3 we can see that with bigger α the system capacity is smaller. We can adjust the system to get a balance between fairness and throughput by change the value of α . The method we proposed uses more information of the system (average request rate ( ) R t ) to make a decision which user should be chosen to occupy the transmit chance. So they have better performance on the aspect of system fairness. Because users' average request rates ( ) R t are less than 1, in ( ) / ( ) k k R t R t α when α become bigger, the numerical value of the formula becomes bigger. And a much more important thing is that the less ( ) R t is the bigger the numerical value of the formula is which means that the subscribers in bad channel conditions with less ( ) R t are given more attention and easier to get transmitting chance. The poorer the subscriber is the more chance it should be given. The adaptive PFS has better performance on keeping balance between fairness and throughput. It can exploit the multi-user diversity with the increasing of the user number. Fig.4 and Table II shows the comparison of the fairness between above Schemes, where SNR = 0 dB, K = 60 and Tc = 100. 
C. Experiment for adaptive PFS scheme B
Simulation environment is the same as it is in experiment for adaptive PFS scheme A. From fig.5 we can see that with our new adaptive scheme system capacity does not change much comparing to the conventional PFS scheme, even can get a little promotion. The method we proposed uses more information of the system (average request rate ( ) R t ) to make a decision which user should be chosen to occupy the transmit chance. So they have better performance on the aspect of system fairness. Because users' average request rates ( ) R t are less than 1, in
α when α become bigger, the numerical value of the formula becomes bigger. And a much more important thing is that the less ( ) R t is the bigger the numerical value of the formula is which means that the subscribers in bad channel conditions with less ( ) R t are given more attention and easier to get transmitting chance. The poorer the subscriber is the more chance it should be given. The adaptive PFS has better performance on improving fairness and keeping system throughput. It can exploit the multi-user diversity with the increasing of the user number. Fig.5 shows the normalized throughput of BD-GMD scheme (BD-GMD), PFS BD-GMD scheme (PFS BD-GMD), BD-GMD scheme with adaptive PFS scheme 2 α = and 4 α = , for SNR = 0dB and c t = 100. Table III shows the comparison of the fairness between mentioned Schemes, where SNR = 0 dB, K = 50 and Tc = 100.
From Fig.6 we can clearly see that the proposed scheme has a much better performance on system capacity, at the same time, fairness index of the proposed scheme is bigger than the conventional PFS scheme and they are all very high. Table IV 
VII. CONCLUSION
In this paper, a joint scheme with BD precoding and GMD in multi-user MIMO downlink system is proposed. BD precoding can eliminate the multi-user interference, and GMD can make the worst performance of the user sub-channel largest. Therefore, the system's bit error rate performance is improved. Due to limitation caused by numbers of base station transmit antenna and user receive antenna in BD-GMD algorithm, we must select a subset of users to transmit at the same time. Brute-force search algorithm has huge computational complexity. However, a low complexity multi-user scheduling algorithm for the user channel space proposed in the paper has larger system capacity and lower computational complexity than conventional greedy algorithm when the system user number is relatively small. Therefore, the scheme here is more appropriate for practical application of multi-user scheduling. Two multi-user proportional scheduling schemes are also proposed and investigated. In MU-MIMO systems with BD, we need to select a user subset to transmit data and guarantee that the difference of resources allocated to users is as little as possible when the users are non-identical distribution. The adjustable parameters monitor the requested rate in the present time slot and the mean value of the requested rate in the past period, and the parameters are updated for each subscriber in each time slot. Through simulations, the proposed schemes are shown to outperform a good guarantee of the fairness with little loss of system capacity comparing to the conventional PFS scheme.
